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Electron trajectories in a free-electron laser with a reversed axial guide field
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In order to interpret an experiment of Conde and Bekefi [Phys. Rev. Lett. 67, 3082 (1991); 68, 418 (E)
(1992)], electron trajectories are studied for a configuration with a reversed axial guide field. First, ignor-
ing the radial dependence of the wiggler, an analytic model is constructed. The results are discussed and
compared with those of numerical simulations. Close to “antiresonance,” two types of electron trajec-
tories are considered and discussed. One type corresponds to a linearly polarized motion and leads to a
moderate coupling with the radiation field. This first part shows how electrons, which remain close to
the axis of the beam, can contribute to the observed dip in the power output. Then the radial depen-
dence of the wiggler is considered. In the vicinity of ‘“‘antiresonance,” electrons are shown to have
“chaotic” trajectories when emitted far enough from the axis. As a consequence, the interaction
efficiency is degraded for most particles. This explains the large dip in radiative power observed and pre-
dicted by our simulation computer code. The radial dependence also gives a possible explanation for the

very good efficiency observed in the experiment.

PACS number(s): 41.60.Cr, 47.52.+j

I. INTRODUCTION

Recently, Conde and Bekefi [1] reported on a free-
electron-laser (FEL) experiment using the reversed-field
configuration, i.e., when the directions of k, (the wave
vector of the wiggler) and the guide field B, are opposite.
Significant new features in the character of the emission
have been found compared to those in the direct-field
configuration (k, in the direction of Bj). One is a high
conversion efficiency. At ‘“antiresonance,” when the cy-
clotron wavelength is close to the wiggler period, a large
dip in the radiation is observed. There has already been
theoretical work, including numerical simulations [2,3],
to explain these phenomena.

In Sec. II, neglecting the radial dependence of the
wiggler, a steady-state analytic solution for the electron
trajectories is derived. The fact that this solution is an
appropriate one is shown with a three-dimensional non-
linear simulation computer code, SOLITUDE [4], and can
also be shown with our trajectory code HELIX. This sim-
ple model permits us to predict, close to antiresonance, a
small dip in the power output in the case of a thin-
electron-beam experiment. It also shows how, in the ex-
periment of Conde and Bekefi, electrons which remain
close to the axis can contribute to create the dip observed
in the radiation output. The contribution is significant
only when the beam has some emittance combined with
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energy spread. This model is also convenient to explain
simply the foundations of our method.

In Sec. III, the radial dependence of the wiggler is tak-
en into account. On the one hand, we confirm that, close
to antiresonance, the trajectories of electrons emitted far
enough from the axis of the beam are ““‘chaotic”; they un-
dergo a very irregular axial motion [3]. The large varia-
tions in the axial momentum disrupt the resonant wave-
particle interaction for most particles. On the other
hand, a possible explanation is given for the good
efficiency in the reversed-field configuration. SOLITUDE
gives results in good agreement with the experiment.

II. ANALYTIC MODEL IGNORING THE RADIAL
DEPENDENCE OF THE WIGGLER

The total magnetic field considered here is
B=—Bye, +B,,(e, cosk,z +e,sink,z) , (1)

where B, and B, are the amplitude of the axial guide and
wiggler fields, respectively, and k, is the wiggler wave
number.

We start with the Lorentz force equation for one elec-
tron leading to the following set of equations for the
transverse velocity:
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27 Ux = @oty +a v, sink,z , (2a)
YT T Q0 T Y, cosk,z , (2b)
where wy=eBy,/my, y is the Lorentz factor, and
a,=eB, /my.

For simplicity, z is taken as an independent variable.
Introducing a complex velocity v =v, +iv, and denoting
the derivative with respect to z by a dot, the equation
governing the transverse motion becomes

@g
v+i—v=—ia,explik,z) . (3)

The solution can be written

z Wy
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where K is a constant of integration, depending on the in-
itial conditions of the electrons.
Assuming that ¥ ! and |v|/c are small quantities, we

exp —ifz—w—odz = exp —i@z expl—i—w—o——vga———
0, v, v (o5 +k,v;)
with
_ a’+(b+v,y)?
Dy=wy —2{’75-‘] .
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have

1_1
v, Y,

o>
+—Zu”c s (5)

where v, =c(1—1 /27%).
The solution of Eq. (3) is supposed to be of the form

@5

v=vgexp | —i—z |+bexp(—ik, z)+aexplik,z), (6)

vy

where v, b, and a are real amplitudes. wf will be deter-
mined to obtain a consistent solution.

Equation (6) leads to the following form for the
modulus of the transverse complex velocity, namely,

*

(0]
lv]2=v2+b2+a2+2Re {vobexp i v—°~kw zJ
I
og
+vga exp |i " +k, |z
I
+ba exp(2isz)J . (7)

Consequently, with the use of Eq. (5), we obtain, when
supposing that we are close to antiresonance,
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Taking into account dominant terms only, Eq. (6) for v and Eq. (8) in Eq. (4) gives
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where  €;=lwgba /k,vic  and
+k,v )vjc. Asa consequence,
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Equation (11) gives the expression of wg as a function of
the other parameters. Introducing the mismatch

b=——k, , (15)

close to antiresonance, Eq. (13) leads to the following ex-
pression for &:
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(2]

8=——[2a>+(b +v,y)] . (16)
U“C

When a ==(b +vg), the motion of electrons is linearly
polarized and only a moderate coupling with the elec-
tromagnetic wave can occur. This corresponds to the fol-
lowing value of §=8;:

3(00

—a’. (17)
2vjc

812—

Indeed, considering that & is given by Eq. (17) and
K =2a (v, =2a and v, =0 at some point z =0, where the
amplitude of the wiggler is constant) in accordance with
Eq. (14), a linearly polarized numerical solution is ob-
tained with SOLITUDE, when no coupling between an elec-
tromagnetic and plasma wave is considered (Fig. 1).

For different values of the reversed axial guide field,
considering the other parameters are those of Conde and
Bekefi’s experiment, a is calculated with the help of Eq.
(12). We assume that we have a ==+(b +v,) correspond-
ing, respectively, to K =2a and K =0, and we notice that
there is only one point or a very small zone close to an-
tiresonance for which the relation =38, is valid. More-
over, it has been shown numerically that the amplitude of
the transverse velocity does not vary very much close to
this point. As a consequence, as shown in Figs. 2(a) and
2(b), there is a small dip in the output power close to an-
tiresonance, when a weak electromagnetic wave and
space charge are taken into consideration to initiate the
simulation of the experiment. The space-charge field is
expanded in terms of a superposition of the Gould-
Trivelpiece modes [4,5]. The electron trajectories, the
evolution of the TE; mode, and the space-charge modes
are calculated through a set of nonlinear coupled
differential equations.
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FIG. 1. Projection of an electron trajectory in the (x,y) plane
for K =2a and 8=358,. The circle represents the waveguide wall

in the case of Conde and Bekefi’s experiment.

3961

25 T T T T T T

L]
>e0
~——

[T

20

POWER (MW)

- —

lO 1 1 1 1 1 1
748 15 752 7.54 7.56 7.58 76 7.62

AXIAL MAGNETIC FIELD (kG)

FIG. 2. FEL output power as a function of the axial field for
(a) K =2a, (b) K =0, (c) K =a.

A circularly polarized motion for the electrons such as
b +v,=0 was also considered. Then, in the domain of
validity of our analytic model, § =5,,
©
8,=——-a’. (18)
vie
Simulations were performed taking K =a, that is, consid-
ering v, =a, v, =0 at z=0. Indeed, when 8=35,, we ob-
tain a circularly polarized motion. It has been shown nu-
merically that this situation corresponds to an electron
trajectory at the end of the region where the amplitude of
the wiggler increases adiabatically from zero to a con-
stant level, when injected without emittance at the input.
We have verified numerically that there is one point,
close to antiresonance, such that §=8,. Close to this
point, the motion remains quasicircularly polarized and
the perpendicular velocity varies gently.. As displayed in
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FIG. 3. The variation in the output power versus the magni-
tude of the reversed axial field obtained when the radial depen-
dence of the wiggler is neglected, in the case of Conde and
Bekefi’s experiment.
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FIG. 4. The variation in the output power versus the magni-
tude of the reversed axial field when the radial dependence of
the wiggler is neglected, in the case of a thin electron beam such
as k,R,=0.1.

Fig. 2(c), we found no dip close to it.

Figure 3 shows the variation in the output power
versus the magnitude of the reversed axial field obtained
with SOLITUDE without taking into consideration the ra-
dial dependence of the wiggler. The emittance and the
energy spread of the beam are those of Conde and
Bekefi’s experiment (e=4.4X10"* mrad, the energy of
the beam is E, =7501+50 keV: Ay /y=0.04).

Figure 4 displays the results of our simulations in the
case of a thin electron beam, when the radial dependence
can be ignored. The radius of the beam (R, ) is such that
k,R, <<1. The situation considered corresponds to the
Raman regime [6]. We assume that the wiggler field is
produced by a bifilar helix with a period A,=12 cm, a
length of 3 m, and an adiabatic entry taper of 8 wiggler
periods. The wiggler field magnitude is 0.147 T. The ra-
dius of the beam is 0.2 cm (k,R,~0.1) and provides a
wave beam coupling with a TE;; mode at a frequency of
96 GHz. The FEL is used as an amplifier. The elec-
tromagnetic mode is in the right-hand circular polariza-
tion with an initial power of 5X 10®> W. The emittance is
the same as in Conde and Bekefi’s experiment and the en-
ergy of the beam is centered on 2.5 MeV with a spread
given by the condition Ay /y =0.01.

III. ELECTRON TRAJECTORIES WHEN THE
RADIAL DEPENDENCE OF THE WIGGLER
IS CONSIDERED

In cylindrical coordinates (r,¢,z), the magnetic field
components of the wiggler are represented by
B, =2B_ Ii(k,r)cos(p—k,z) ,
I,(k,r)

o @k,

B,,=2B Ik, r)sin(p—k,z),

sin(p—k,z) , (19)

where I, and I] denote the modified Bessel function of
the first kind of order one and its derivative.

First, considering the case of the experiment of Conde
and Bekefi, it has been verified that, in the vicinity of an-
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FIG. 5. The cross-sectional evolution of the trajectory of an
electron injected at the edge of the beam for an axial field in the
vicinity of antiresonance.

tiresonance, electrons initially located close to the edge of
the beam have a chaotic motion [3]. Figure 5 shows the
cross-sectional evolution of such a trajectory. Figure 6
shows the behavior of the corresponding axial momen-
tum [7]. The trajectories are quite irregular as long as
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FIG. 6. The evolution of the axial momentum versus the axi-
al position for the particle emitted at the edge of the beam in the
neighborhood of antiresonance.
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FIG. 7. The evolution of B vs the normalized mismatch §*.

k,r; 0.2 (where r; is the initial distance of a particle
from the axis of the beam). These rapid and large varia-
tions in the axial momentum affecting most particles
seem to be the most important reason for the degradation
of the wave-particle interactions at antiresonance and is
the main reason for the large dip in power output ob-
served in the experiment.

Now the influence of the particles, which are initially
located not too far from the center of the beam when
entering into the wiggler, is studied. We assume that
k,r <1. The equation for the complex electron velocity
can be derived just like in the preceding section, and is
found to be of the form

v+ixv=—iQ , (20)
with
@o a, .
x=— [1=2—1I(k,r)sin(p—k z) 2n
v, @
and
Q =a,[Iy(k,r)explik  z)+1,(k,r)expi 2p—k,z)] .
(22)

It is assumed that for most of the electrons of the beam
one may write

r=ro+Ar,
(23)
=@ t+Agp,

where Ar /ry <<1and Ap/@y<<1.

Here again, the electron velocity is supposed to be de-
scribed by the form defined by Eq. (6), in which a, b, and
vy are complex numbers. This form is used in the solu-
tion of Eq. (20) to derive conditions similar to those given
by Egs. (11)-(14). Considering that the defect of reso-
nance is not too important, that is,

N“<%18<<1, (24)

where N is the number of wiggler periods, the following
relation is obtained:

5t = Bce

I,(k,ry)
o2 Kalo

2, 2 VF %)
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FIG. 8. The variation in the output power versus the magni-
tude of the reversed axial field as measured in the experiment
(dots), with ARACHNE (solid curve), and with SOLITUDE (stars).

with B=b> and 8*=8v/wy+(c/2v,)(2a*+05). We
have introduced for any quantity g, §=|g| /c. Figure (7)
shows the evolution of B vs 8* according to Eq. (25).

The variation of the average longitudinal electron ve-
locity versus the electron energy is given by

d . 1 d — 2, A2
dy (9, 2 dy(y +95+B) (26)

In the dashed area in Fig. 7, (9, ) will change very quick-
ly when there is a small change of the electron energy due
to the emission of photons. This means that the wave-
particle coupling rapidly deteriorates. It gives a possible
explanation for the severe decrease in the output power
in the neighborhood of the antiresonance. At the edge of
the dashed area, when B goes to zero, d(’ﬁz>/d7 de-
creases, and the efficiency of the amplifier can be quite
high in accordance with the experimental results.

Figure 8 shows the variation in the output power over
an interaction length of 159 cm as a function of the mag-
nitude of the reversed magnetic field predicted by SOLI-
TUDE. The TE;; mode of the wave guide which is
amplified has a frequency of 33.39 GHz and an initial
power of 8.5 kW. Although no emittance and no energy
spread are taken into account, a good agreement with the
experimental results and previous simulations [3] (which
did include an axial energy spread for the electrons of
1.5%) is obtained. If an emittance and energy spread had
been taken into consideration in SOLITUDE a broader and
deeper dip would have been obtained. The effect of emit-
tance is to diminish the efficiency of the wave-particle
coupling.

IV. CONCLUSIONS

It has been shown that, in the vicinity of the antireso-
nance, there is a weak coupling between the electrons and
the radiation we want to amplify. First, an analytic mod-
el has been presented. This model is admittedly simple as
the spatial dependence of the wiggler has been neglected.
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It applies to electrons which have trajectories in a neigh-
borhood of the axis. Those electrons can have a linearly
polarized motion and they contribute to the dip in the
power output when the beam has some emittance and
some energy spread leading to many K values. When the
radial dependence of the wiggler is taken into considera-
tion, it has been shown that, very close to antiresonance,
the wave-particle coupling is disrupted because of the
rapid variation of the axial velocity. The electrons initial-
ly located far enough from the axis of the beam were
shown to have a chaotic axial momentum. Most of the
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electrons of the beam are in such a state. This explains
the large dip in power output observed in Conde and
Bekefi’s experiment.

Far enough from the antiresonance, the sensitivity of
the axial velocity to any energy variation decreases. This
is a possible explanation for the very good amplifier
efficiency observed in the experiment.
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